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The Forgotten Path...

* Frisch and Hammersley (1963) Example 3:

* Nearly all extant percolation theory deals with regular interconnecting
structures, for lack of knowledge of how to define randomly irregular
structures. Adventurous readers may care to rectify this deficiency by
pioneering branches of mathematics that might be called stochastic

geometry or statistical topology.

* Arnold’s 28th problems (1973):

* |nvestigate the topology of thickened random points in Euclidean space
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So, preferential attachment...

* Highly connected hubs

e Dense core of hubs?

(Stephen Coast
https://www.fractalus.com/steve/stuff/ipmap/)
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Preferential Attachment
[Albert and Barabasi 1999]

P(attaching to v) & degree + a tuning parameter o ﬁ

ﬁ e

rich-get-richer effect
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» Scale-freeness and Degree distribution

[Barabasi and Albert 1999; Dorogovtsev, Mendes and Samukhin 2000; Krapivsky, Redner and Leyvraz 2000]

pmf of degree distribution
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The limiting degree distribution has ...

finite variance




What do we know?

¢ tnangle COuntS and CIUStering COeﬁICIent [Bollobas and Ridden 2002, Prokhorenkova et al 2013, Garavaglia and

Stegehuis 2019]

(a) t(B_T)/(T_l) lOg(t) t=3+0/m

Fig 2 of A. Garavaglia and C. Stegehuis (2019).
Subgraphs in Preferential Attachment Models.
https://doi.org/10.1017/apr.2019.36
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What do we know?

e SU bg I‘aph cou ntS [Garavaglia and Stegehuis 2019]
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What do we know?
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What should we count?
And how?
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Paths from left to right?

* backtracking?

* concatenating with loops?




ll. Into Topology

Counting everything in every dimension all at once
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Betti numbers count repeated connections “in all dimensions”.

GOOD Q BAD e

“correct” way to count things hard to write down

homological algebra hard to do
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Betti numbers S,

Count of (Independent) Repeated Connections

o e

1 alternative path 0 alternative path (slide through upper hemisphere)
1 alternative way to slide a path



Betti numbers count
repeated connections “In all dimensions”.



Interlude:

Random Walk in the Literature

What Random Topologists Already Know



Tapas of Random Topology

Erdo-Renyi Complexes Geometric Complexes Topological Percolation
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Phase Transition
[Erdos-Renyi 1960}

many components w.h.p. connected w.h.p.
- o
O loi n n = number of nodes 1

all log terms and constants forgone
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Phase Transition

[Kahle 2009, 2014]
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Phase Transition

[Kahle 2009, 2014]
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Phase Transition

[Kahle 2009, 2014]
Holes can’t form.  Holes get filled.
Hy H; Hy Hz ..
i—l—l—l—l—‘ P

1 1 1 1
0 many components w.h.p. - 1/2 . 1/3,1/4 1

n = number of nodes
all log terms and constants forgone
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e start with Poisson points
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Expected Betti numbers at dimension k
[Kahle 2011]

e n, the number of points

c W = nrD, where D Is the ambient dimension

Epi(Cech) — 0O Ep,(Cech) = o O(w*e™“n)

under convexity assumption

very sparse 1<1 | ) Sparse 1y —1/D dense

n = number of nodes
all log terms and constants forgone

EB.(Cech) ~ w**!n



Geometric Complexes

image credit: Penrose
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Bernoulli Bond Percolation




Phase Transition
[Harris 1960, Kesten 1980]

no Iinfinite cluster a.s.
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Phase Transition
[Harris 1960, Kesten 1980]

giant component
no rfirte-cluster a.s.
T 1>
0 1/2 1

has an trfinite-cluster a.s.
giant component



Giant Cycles?



Bernoulli Bond Percolation










Phase Transition
[Duncan-Kahle-Schweinhart, 2021]

no giant cycle a.a.s.

B —

0 1/2 1
all giant cycles a.a.s.



Tapas at Random Topology

Erdo-Renyi Complexes Geometric Complexes Topological Percolation



Betti numbers count
repeated connections “In all dimensions”.






Clique Complex

aka Flag Complex




Il Topology of Preferential
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Betti Number j
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+ With probability at least 1 — &,
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Betti Number j

Bett| 2

» With probability at least 1 — &,

1000 A
e ¢, (num of nodesl_) < p, < C (num of nodesl_)
800 1
L x=1- € (0,1) decreases with
2+ 0/m _—

the preferential attachment strength
o P|T attachestoi| ox T
« If 1—-4x <0,thenp, <C..

. c.(num of nodesl) < p, < C(num of nodesl)
forg > 2. 1

T T T
0 20000 40000 e0000
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Subtleties

 Need homological algebra to relate Betti numbers with counts

» |dentify the “square count” as the main term with minimal cycle results in [Gal
2005] and [Kahle 2009]

* (Generalize minimal cycle results in the language of homological algebra

* Apply graph counting result in [Garavaglia and Stegehuis 2019] on a large
class of subgraphs



Theorem: [, ~ num of nodes!™**
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» Maybe f, threshold and f,
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* They are equal! [Duncan, Kahle,
Schweihart, 2024, Theorem 2]
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The threshold for percolation in Z°>?
Some wishful thinking...

. Maybe 73 and (Z/n)3 are similar For a site percolation model
enough... 0-050
0.025 -
» Maybe f, threshold and f, 0.000-
threshold are related... ., —0.025-
—0.050-
* They are equal! [Duncan, Kahle, DO

Schweihart, 2024, Theorem 2]} _0.100-

-0.125{

» Maybe the [, threshold is more
computable...

Fig 7e of [Bobrowski and Skraba, 2020]












What did we learn today?

 Random topology is cool.



What did we learn today?

 Random topology is cool.

* Preferential attachment graph has interesting topology.



What did we learn today?

 Random topology is cool.
* Preferential attachment graph has interesting topology.

 More interesting things are waiting to be discovered.
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Applications of Topology



Topology and Networks

Wy S 5 N ) - X
.'g: > N N »;__ ) |f'
Al S el e
%‘2‘)33*»’ i
> TN AL 4 o
shatmad =)
~

LLORSA »

Neuroscience Research Network

from Andreas Vesalius' Fabrica

https://en.wikipedia.org/wiki/
File:1543,_Andreas_Vesalius%?27_Fabrica,_Base_Of_The_Brain.jpg



Neuroscience

by NeilLockhart, extracted from https://media.istockphoto.com/photos/white-mouse-in-white-maze-looking-over-walls-picture-id6363738127
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Place Cell Model

[Curto and Itskov, 2008; Dabaghian et al, 2012]

e “Place cells” fire when the rat is near their locations.

* The rat remembers which cells fire together.



Connectivity of the co-firing network

v.S. connectivity of the navigation space

A. One-hole B. Two holes C. Quasi Linear

Figure 4 of [Dabaghian et al, 2012]



Connectivity of Real Data
[Dabaghian et al, 2014}




Connectivity of Real Data
[Dabaghian et al, 2014}

moving
| platforms

Fig 1 of [Dabaghian et al, 2014]
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Research Network
[Salikov et al, 2018]

 Co-occurence complex in Math research paper




Gap in Understanding

Schur’s
/ lemma \
Stone-Von Spectral
Neumann theorem theorem

~_

Inverse function
theorem

e

Arzela-Ascoll
theorem

\

Alternate interior
angles theorem

N

Viasov
equation

/

?

Boltzmann
equation
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l. A Probabilist’s Apology

Why Random Topology
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Surprise
Stze Is Signal.




Random points don’t do that.

shadowed small square. clean

e

' -

-

"ttt

shadowed small square. clean. dist

T T T T T T T T
0.0 0.2 0.4 0.6 0.X 1.0 1.2 1.4 1.6

Birt.l;



Signal is what is not random.



Signal is what is not random.
So what is random?
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Functional Convergence at dimension k?
[Thomas and Owada 2020]

 Cech: weak convergence in finite-dimensional sense

Gaussian process

difference of two time- difference of two time-
changed Poisson processes changed Brownian motions
I
] ] —1/D
0 ) D ( 1 k+2 ) n

n = number of nodes
all log terms and constants forgone
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cheatsheet

* Duncan, Kahle, Schweihart, 2024, Theorem 2
For arbitrary dimensional torus, do bond percolation (start with vertices and
add edges), the critical threshold for the first homology is the same as the one
for the critical threshold for connectivity in the infinite lattice of the same
dimension.
https://mason.gmu.edu/~bschwei/PlagquettePercolation.pdf

 Hexagonal” site percolation
https://arxiv.org/pdf/1910.10146
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