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Preferential Attachment
[Albert and Barabasi 1999]

P(attaching to v) & degree + a tuning parameter o ﬁ
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Scale-freeness and Degree distribution

[Barabasi and Albert 1999; Dorogovtsev, Mendes and Samukhin 2000; Krapivsky, Redner and Leyvraz 2000]
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The limiting degree distribution has ...

finite variance




What do we know?

¢ tnangle COuntS and CIUStering COeﬁICIent [Bollobas and Ridden 2002, Prokhorenkova et al 2013, Garavaglia and

Stegehuis 2019]
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Fig 2 of A. Garavaglia and C. Stegehuis (2019).
Subgraphs in Preferential Attachment Models.
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What should we count?
And how?
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Paths from left to right?

* backtracking?

* concatenating with loops?




ll. Into Topology

Counting everything in every dimension all at once
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Betti numbers count repeated connections “in all dimensions”.

GOOD Q BAD e

“correct” way to count things hard to write down

homological algebra hard to do



Betti numbers S,

 Repeated connections?

e Holes?
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Count of Holes
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Betti numbers

Count of (Independent) Repeated Connections

o e

1 alternative path 0 alternative path (slide through upper hemisphere)
1 alternative way to slide a path



Betti numbers count
repeated connections “In all dimensions”.
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Random Walk in the Literature

What Random Topologists Already Know



Tapas of Random Topology

Erdo-Renyi Complexes Geometric Complexes Topological Percolation
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Phase Transition
[Erdos-Renyi 1960}

many components w.h.p. connected w.h.p.
- O O @ @ O OO0
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all log terms and constants forgone
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Betti Numbers

Erdos—Rényi random complex on n=1700 vertices
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Phase Transition

[Kahle 2009, 2014]
Holes can’t form.  Holes get filled.
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n = number of nodes
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Expected Betti numbers at dimension k
[Kahle 2011]

e n, the number of points

c W = nrD, where D Is the ambient dimension

» I, (Cech) ~ 0w n
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n = number of nodes
all log terms and constants forgone
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Functional Convergence at dimension k?
[Thomas and Owada 2020]

 Cech: weak convergence in finite-dimensional sense

difference of two time- difference of two time-
changed Poisson processes changed Brownian motions
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Functional Convergence at dimension k?
[Thomas and Owada 2020]

 Cech: weak convergence in finite-dimensional sense

Gaussian process

difference of two time- difference of two time-
changed Poisson processes changed Brownian motions
I
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n = number of nodes
all log terms and constants forgone



Geometric Complexes
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Bernoulli Bond Percolation
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Bernoulli Bond Percolation




Phase Transition
[Harris 1960, Kesten 1980]
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Phase Transition
[Harris 1960, Kesten 1980]

giant component
no rfirte-cluster a.s.
T 1>
0 1/2 1

has an trfinite-cluster a.s.
giant component



Giant Cycles?



Bernoulli Bond Percolation







Phase Transition
[Duncan-Kahle-Schweinhart, 2021]

no giant cycle a.a.s.

B —

0 1/2 1
all giant cycles a.a.s.
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repeated connections “In all dimensions”.
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Proof of E£[f5,]

num of nodes!

—4x
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Subtleties

 Need homological algebra to relate Betti numbers with counts

» |dentify the “square count” as the main term with minimal cycle results in [Gal
2005] and [Kahle 2009]

* (Generalize minimal cycle results in the language of homological algebra

* Apply graph counting result in [Garavaglia and Stegehuis 2019] on a large
class of subgraphs



Theorem: E[),] ~ num of nodes! =*

In practice???
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What did we learn today?

 Random topology is cool.
* Preferential attachment graph has interesting topology.

 More interesting things are waiting to be discovered.



Chunyin Siu cs2323@cornell.edu
Cornell University

arxiv paper my video about small holes


mailto:cs2323@cornell.edu

Thank you!

Chunyin Siu cs2323@cornell.edu
Cornell University

IEI

arxiv paper my video about small holes



mailto:cs2323@cornell.edu

