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I. A Probabilist’s Apology
Why Random Topology and What we Know
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Tapas of Random Topology

Erdo-Renyi Complexes Geometric Complexes Topological Percolation
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Betti Numbers

computation and plotting done by Zomorodian
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Geometric Complexes

• Rips


• Cech

image credit: Penrose
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Expected Betti numbers at dimension k
[Kahle 2011]

• , the number of points


• , where D is the ambient dimension


•

n

ω = nrD

Eβk(Cech) ∼ ω2k+1n

0 n−1/D

r

n− 1
D (1 − 1

k + 2 )
n = number of nodes 
all log terms and constants forgone

Eβk(Cech) → 0 Eβk(Cech) → ∞

sparsevery sparse



Maximally Persistent Cycles
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Maximally Persistent Cycles
[Bobrowski-Kahle-Skraba 2017]

n points in expectation


k-cycle


 
a.a.s.

c ( log n
log log n )

1/k

≤ max persistence ≤ C ( log n
log log n )

1/k



Geometric Complexes
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Phase Transition
[Harris 1960, Kesten 1980]
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no infinite cluster a.s.

has an infinite cluster a.s.
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giant component
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Giant Cycles?



Bernoulli Bond Percolation





Phase Transition
[Duncan-Kahle-Schweinhart, 2021]

no giant cycle a.a.s.

all giant cycles a.a.s.
0 11/2
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II. Preferential Attachment
Beyond independence and homogeneity
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Preferential Attachment
[Albert and Barabasi 1999]
P(attaching to v)  degree + a tuning parameter  ∝ δ

rich-get-richer effect
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• and more…
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Expected Betti Number E[βq]

•  
under mild assumptions


•  depends on  
the preferential attachment strength


• If , then .


•  
for .

c(num of nodes1−4x) ≤ E[β2] ≤ C(num of nodes1−4x)

x ∈ (0,1/2)

1 − 4x < 0 E[β2] ≤ C

c(num of nodes1−2qx) ≤ E[βq] ≤ C(num of nodes1−2qx)
q ≥ 2
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order of magnitude of 
expected Betti numbers

parameter estimation?

simplicial preferential 
attachment?

homotopy connectedness 
of the infinite complex?

other non-homogeneous 
complexes?



What did we learn today?

• Random topology is cool.


• Preferential attachment graph has interesting topology.


• More interesting things are waiting to be discovered.
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tight?
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