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What the Functor is Topological Data Analysis



Topology and Data

(Carlsson 2009)

(Stephen Coast
https://www.fractalus.com/steve/stuff/ipmap/)

(Henry Segerman and Keenan Crane

INIgYr6-TpA)

https://www.youtube.com/watch?v


https://www.youtube.com/watch?v=9NlqYr6-TpA

Topology of Data
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diagram credit: Andrey Yao



Pitfall
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In the beginning...

e there was the data.

Voronoi. noisv

1.0

1.0 -

 And the data was non-parametric, and has voids, and noise is upon the face of the
dataset.



Size and Noise

Voronoi. noisy




Two Problems

e Size

e Noise

* Related works
* Hickok (2022)
* Berry and Sauer (2019)
 Moon et al (2018)
e Carlsson and Zomorodian (2009)

e etcC...



Tradeoff

 smallest hole the algorithm can see
e algorithm robustness

e computational complexity



One solution

¢ Size

e Noise

» statistical model that highlights small features

* with a provably robust estimator



shadowed small square. clean
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Grow Balls Slo00000000000000000000WIy

on the smaller square

* Bell et al, 2019: growing balls at customized rates



Grow Balls Slo00000000000000000000WIy

on the smaller square

* rate = 1/density!/P
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Why density!/D?

 Antman property

e scaling —> same persistence diagrams
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Very Important Proposition |

(2: component of the the high-
density region {¢ : (&) > ¢}

* |ett be a density threshold.

:*l‘.z‘l-: 1- L ~:i :*l:lz'nll :~'<[l'.z'|l'<'. <'l<°z'|l‘.

* Asin the figure, let M be a “hole” of a high- .
density region €2 with size r = max d(x, oM).
xemM 1.0 -
» Under nice assumptions, N . '
M induces a (D — 1)-dimensional homology ) : ‘TJ
class o -
1.0 4 R R M: bounded component
with persistence at least Ttl/D r— O(ml/D) L5 - of R — Q
2 A

m: noise threshold






Outliers
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Additive Noise

* (Gaussian noise fills the plane!
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Known Problem, Known Solution

* problem: can be corrupted by 1 single data point
e solution: distance-to-measure

* walit for more balls, and take average

 Chazal et al (2011), Chazal et al (2018)



Robust Density-Aware Distance
(RDAD)



Robust Density-Aware Distance function

d(x) = mfd(x,y)
y

_ 1 " —1 2
DTM(x) = —[ G; \(9)dg
\ m

m

G.(r) = P{d(x,X) < r)

h(x) = inf d(x, y)f(y)"""

Y

—_—

RDAD(x) =
\

—{ F-Y(g)*dq
0

m

F(r) = Pld(x, X)((X) < rj



Outlier
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Weighted distance v.s. RDAD

two square, outlier. weighted dist
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Very Important Proposition Il

. Let fand f be two densities.

 Under nice condition, the persistence diagrams of RDADf and RDAD]; on a
compact set K have bottleneck distance bounded by

OW,(f,. )+ If = Flloo)



Simulations




Voronoi. noisy




Noisy Voronol




DTM and RDAD
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Cellular Towers



Cellular Towers
(HIFLD, 2021)
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DTM and RDAD
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Cellular Towers
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Epilogue:
The End of the Beginning




Ongoing / Future Works

* Bootstrapping properties and efficient approximation of RDAD?

« Homology of Preferential Attachment Complexes (joint work with
Samorodnitsky, Yu and He)

* Organic combination of topology and statistics???



Thank you!

e Chunyin Siu (Alex)
* Center of Applied Mathematics, Cornell University

e cs2323Q@cornell.edu
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